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LIE ALGEBRA F-NORMALISERS ARE INTRAVARIANT
DONALD W. BARNES
Abstract. Let F be a saturated formation of soluble Lie algebras. Let L be a
soluble Lie algebra and let U be an F-normaliser of L. Then U is intravariant
in L.
All Lie algebras considered in this paper are finite-dimensional over the field
F and are soluble. The theory of saturated formations and of F-projectors was
developed in Barnes and Gastineau-Hills [2]. The theory of F-normalisers was
developed in Stitzinger [3]. The following definition of intravariance for subalgebras
of Lie algebras was given in Barnes [1].
Definition 1. The subalgebra U of the Lie algebra L is said to be intravariant in
L if every derivation of L is expressible as the sum of an inner derivation and a
derivation which stabilises U .
By [1, Lemma 1.2], the intravariant subalgebras of L are precisely those subal-
gebras U with the property that, if L is an ideal of L∗, then L∗ = L + NL∗(U).
It was proved in [1, Theorem 2.2] that, if F is a saturated formation of soluble Lie
algebras, then the F-projectors of a soluble Lie algebra L are intravariant in L. It
seems reasonable to conjecture that the F-normalisers also are intravariant. The
following definitions are taken from Stitzinger [3].
Definition 2. A maximal subalgebra M of L is called F-normal if it complements
an F-central chief factor of L. Equivalently, M is F-normal if for some chief factor
A/B of L,M+A = L and the split extension of A/B byM/CM (A/B) is in F. This
is equivalent to L/Core(M) ∈ F. M is called F-abnormal if it is not F-normal, that
is, if L/Core(M) /∈ F.
Definition 3. A maximal subalgebraM of L is called F-critical ifM is F-abnormal
and M +N(L) = L where N(L) is the nil radical of L.
Definition 4. A subalgebra V ≤ L is called an F-normaliser of L if V ∈ F and
there exists a chain of subalgebras
L =M0 > M1 > . . . > Mn = V
with each Mi F-critical in Mi−1.
We shall need the following result of Stitzinger [3].
Theorem 5. Let U be an F-normaliser of L. Then U covers every F-central chief
factor and avoids every F-eccentric chief factor of L.
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We now prove the asserted result.
Theorem 6. Let F be a saturated formation. Let L be a soluble Lie algebra and
let U be an F-normaliser of L. Then U is intravariant in L.
Proof. Let d be a derivation of L and let D = 〈d, L〉 be the split extension of L
by d. We have to prove that ND(U) + L = D. We use induction over dimL. Let
A ⊆ L be a minimal ideal of D. Then U + A/A is an F-normaliser of L/A, so by
induction, ND(U + A) + L = D. Let N = ND(U + A). Since A is an irreducible
D-module and L is an ideal of D, all L-composition factors of A are isomorphic, so
either all are F-central and U ⊃ A or all are F-eccentric and U ∩A = 0. If U ⊃ A,
the ND(U) = N and the result holds. If U ∩ A = 0, then U is an F-projector of
U +A and is intravariant in U +A. As U +A⊳N , we have NN (U) + (U +A) = N
and ND(U) + L ⊆ NN (U) + (U +A) + L = N + L = D. 
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